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Abstract: This paper presents a brief review of elastohydrodynamic analysis in commemoration of
the immense contributions of Duncan Dowson. This paper also presents an elastohydrodynamic
analysis of the elliptical point contact problem under steady state as well as transient conditions.
The overall methodology is validated against numerical predictions and experimental observations of
acknowledged historical sources. The validated methodology is used to make original contributions in
the elastohydrodynamics of elliptical point contact subjected to complex combined contact kinematics,
including rolling/sliding, mutual convergence and separation (squeeze film motion) of contacting
pairs, when subjected to reciprocating and spinning motions. This combined complex contact
kinematics under transient conditions has not hitherto been reported in the literature. This paper
shows the critical role of squeeze film motion upon lubricant film thickness. The results also show
that the influence of spin motion is only significant at fairly high values of angular velocity and in the
absence of a rolling/sliding motion.
Keywords: elastohydrodynamic lubrication; elliptical point contacts; transient analysis; complex
combined contact kinematics
1. Introduction
Highly loaded counterformal lubricated contacts are often subjected to elastohydroynamic regime
of lubrication (EHL). In fact, 90% of all machines and mechanisms comprise load bearing and power
transmitting contacts operating under EHL. There has been a plethora of elastohydrodynamic analysis of
machine elements such as ball bearings with ball-race elliptical point contact elastohydrodynamics [1–8].
Cylindrical and tapered rolling element bearings operate in finite line contact EHL [9–14], a condition
which also extends to the case of involute spur gears [15–20] and helical teeth pair contacts [21–23].
On the other hand, elliptical point contact EHL occurs in bevel and hypoid gear teeth pairs [24–30].
Aside from these counterforming gear teeth pairs, other, even closely conforming teeth pairs, are
also subject to EHL under highly loaded conditions such as circular arc or Novikov gears, where a
lubricant entraining motion into the contact occurs along the major axis of an elliptical point contact
footprint [31–34]. This is unlike the case for balls–raceway groove contacts where lubricant entrainment
occurs along the minor axis of an elliptical contact footprint. For hypoid gear teeth, inlet lubricant
entrainment often occurs at an angle to the elliptical footprint axes.
The contact of cam-follower pairs in many applications such as vehicular valve train systems also
operate in EHL, where for a flat tappet, the contact is of finite line contact geometry [35–38] and for the
cam-roller follower is an elliptical point contact [39–42].
Lubricants 2020, 8, 81; doi:10.3390/lubricants8080081 www.mdpi.com/journal/lubricants
Lubricants 2020, 8, 81 2 of 22
It turns out that many other load bearing conjunctions, other than the aforementioned concentrated
contacts of ellipsoidal solids of revolution, also operate under EHL, including many endo-articular
natural or replacement joints as noted by Dowson and his co-workers [43–45]. In these cases, the
larger contact areas and the surfaces of lower elastic modulus lead to lower generated pressures,
a regime of lubrication which is often referred to as soft EHL, as opposed to the aforementioned
high pressure contacts, which are regarded as hard EHL. One thing that all the foregoing areas of
EHL research have in common is the pioneering contributions of Dowson in almost all of them.
He noted that EHL has been nature’s own choice for the lubrication of joints and many other biological
systems [44]. Yet, as Dowson [46] also noted, the knowledge concerning EHL is still evolving. This is
mainly because of the complex multi-physics nature of EHL, comprising thermo-piezo-viscous shear
of often complex rheological fluids/lubricants and mechanisms of pressure and heat generation, which
are affected by contact geometry, surface topography and often quite complex contact kinematics.
The noted literature is only a sample of considerable research carried out since the original postulate of
elastohydrodynamics first put forward by Ertel and Grubin [47].
Contact kinematics has a profound effect upon generated pressures and lubricant film formation, its
shear characteristics, and thus the friction and energy efficiency of load bearing and power transmitting
tractive contacts. In particular, contact kinematics is caused by changes in system dynamics. These are
not often taken into account in mostly steady state studies, but are critical to the optimal operation
of many machines. For example, stop–start or reciprocating motions or inlet reversals affect the
elastohydrodynamic conditions as well as the mutual convergence and separation of mating members
as in the squeeze film motion [48–50].
Jalali-Vahid et al. [48] compared numerical predictions with optical interferometric results of Ren
at al [49], who considered both point and line contact geometries with sinusoidal variations in the
applied load at a fixed speed of entraining motion. The authors showed that dynamic changes in the
applied load induce the squeeze film action which significantly affects the lubricant film thickness.
The formation of a squeeze-cave or elastic dimple was noted during the load varying cycle, increasing
the film thickness compared with an equivalent steady state or quasi-static conditions, where EHL films
are insensitive to applied load. A study conducted by Wang et al. [50] included sinusoidal variations
in lubricant entrainment speed with a constant applied contact load. Similar conclusions to that of
Ren et al. [49] were noted. In this case, the rise and fall of entraining velocity introduces a contact
squeeze film effect as was shown clearly by Al-Samieh et al. [51] when studying the impact of ellipsoidal
solids. Their findings agreed well with the measured pressures of the impact of a ball on an oily plate
by Safa and Gohar [52]. Transient conditions can also occur under impacting conditions. Following
on from Safa and Gohar [52], Dowson and Wang [53] developed a numerical model, considering the
squeeze effect to replicate the motion of a bouncing elastic ball on an oil covered plate. The predictions
showed good agreement with the observations made by Safa and Gohar [52]. Wang et al. [54] solved
an impact EHL analysis under transient conditions for a range of different contact ellipticities, while
Fryza et al. [55] experimentally studied EHL contacts created under impact with a range of kinematics
and different types of lubricants.
Transience is also caused by changes in contact geometry, for example during a meshing cycle
of a pair of gear teeth. Geometrical changes in contacting surfaces alter the kinematics of contact,
which in turn change the speed and direction of the lubricant entraining motion, often occurring
at an angle to the axes of the elliptical point contact footprint. This problem has been studied by a
number of researchers [31,56–58]. The contact of a pair of gear teeth during a meshing cycle implies
that the contact footprint undergoes precession of its centre, as shown by Mohammadpour et al. [59,60].
There is a dearth of EHL analysis of contacts subject to spinning motion. An early study of point
contact EHL under pure spin condition was reported by Mostofi and Gohar [61]. They showed that the
influence of spin becomes significant at higher angular velocities. Li et al. [62] showed that at higher
loads, the film thickness, and particularly the location and magnitude of the contact side lobes, are
influenced by any spinning motion of the contacting solids.
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This paper presents the influence of the normal approach and separation (squeeze film motion)
of lubricated contacting solids of revolution under transient EHL, coupled with the contact spinning
motion—an approach not hitherto reported in literature.
2. Methodology
2.1. Governing Equations
Reynolds equation for the general case of the two-dimensional analysis of contacts under rolling,
sliding and squeeze film motions is stated as:
∂
∂x
[
ρh3
6η
(
∂p
∂x
)]
+
∂
∂y
[
ρh3
6η
(
∂p
∂y
)]
=
∂(ρhU)
∂x
+
∂(ρhV)
∂y
+
∂(2ρh)
∂t
(1)
where p, h, η and ρ are pressure, film thickness, lubricant dynamic viscosity and density, respectively.
x denotes the direction along the minor axis of an elliptical point contact footprint, whilst y is along the
direction of its major axis. The surface speeds along the minor and major axes are given as:
U = 2ue cosθ (2)
V = 2ue sinθ (3)
where θ is the angle of the inlet lubricant entrainment velocity ue with the minor axis of the elliptical
point contact footprint.
The term ∂(2ρh)/∂t represents the squeeze film effect and retains the film memory or lubricant
film transience with time.
The elastic film shape is given as:
h(x, y) = h0 + s(x, y) + δ(x, y) (4)
where h0 is the original/minimum clearance between the undeformed contiguous solids in contact and
s is the geometric profile of an equivalent instantaneous ellipsoidal solid of revolution, representing
the two profiled contacting bodies in contact (Figure 1):
s =
x2
2Rzx
+
y2
2Ryz
(5)
with a flat elastic half space of effective (equivalent) modulus of elasticity E′:
2
E′ =
1− ν21
E1
+
1− ν22
E2
(6)
where E1,2 and ν1,2 are the Young’s moduli of elasticity and Poisson’s ratios of the contacting pairs. Rzx
and Rzy are the principal radii of the equivalent ellipsoidal solid in the planes of contact zx and zy,
respectively (z is the direction into the depth of contact, Figure 1 shows the instantaneous ellipsoidal
solid for the case of the ball–raceway contacts studied in this paper):
1
Rzx
=
1
Rx1
+
1
Rx2
, . . .
1
Rzy
=
1
Ry1
+
1
Ry2
(7)
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ocalized ela tic contac deflection δ is obtained through the use of elasticity potential (Equat on (8)).
Thus [7,63]:
δ(x′, y′) = 2
piE′
x p(x, y)√
(x− x′)2 + (y− y′)
dxdy (8)
x and y denote t position of the g nerated pressure elements, whilst x′ and y′ denote the
location of points of localised contact deflec ion.
Lubricant it alt rs w th pressure and temperature. For an isothermal analysis, this
relationship can be approximated by [64]:
η = η0 exp
ln
(
η0
ηr
)(1 + ppr
)Z
− 1

 (9)
where η0 is the atmospheric viscosity of the lubricant and ηr and pr are 6.31 × 10−5 and 1.9609 × 108,
respectively, for some mineral and synthetic oils.
The piezo-viscosity index, Z, is:
Z =
α0pr
ln
(η0
ηr
) (10)
where the experimentally determined pressure–viscosity coefficient is denoted by α0.
A more precise and lubricant-specific characterisation of variation of viscosity with pressure may
be achieved using data from high pressure rheometry, including the shear-thinning behaviour of the
lubricant [65–69]. This is particularly important at higher contact pressures, given the limitations of the
Roelands’ relationship. In the absence of such data for the lubricants used in the various parts of this
study, a rather generic lubricant constitutive relationship is employed here. Furthermore, a thermal EHL
analysis would be more representative of the real contact conditions, but the measurements/observations
used for the purpose of validation/comparison are carried out/reported under isothermal conditions.
Changes in lubricant density with pressure for isothermal conditions are provided by Dowson
and Higginson [2] as:
ρ = ρ0
(
1 +
0.6 × 10−6p
1 + 1.7 × 10−9p
)
(11)
where ρ0 is the density at atmospheric pressure and at a reference temperature.
2.2. Method of Solution
The solution to the EHL problem was undertaken using the finite difference method. A simultaneous
solution of Reynold’s equation, elastic film shape and rheological state equations were required.
The effective Influence Newton–Raphson (EIN) low relaxation method was employed as outlined
by Jalali-Vahid et al. [48]. This is a well-established and robust numerical solution methodology and
has been successfully used for solving EHL problems in contacts with loads exceeding 4 kN in the case
of hypoid gear p irs used in automotive diff rential units [59,70]. Therefore, the method was de m d
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to be suitable for the current study considering that the applied loads were much lower in the current
described cases. Nevertheless, a multi-grid discretisation method would be expected to provide more
stable numerical results, particularly at high loads. The following procedure was used:
1. The input variables included contact geometry, lubricant rheological data, material properties,
and operating conditions including loading conditions and contact kinematics.
2. An initial guess was made for the minimum gap (film thickness), h0, at the centre of the contact.
For the initial step in the iterative process, a steady state rolling and sliding condition was
assumed (i.e., ∂h∂t = 0). Clearly, the squeeze film term was updated in an iterative manner
as: ∂h∂t =
(
hni, j − hn−1i, j
)
/∆t, where (i,j) is any location within the computational domain, and n
represents the iteration index in any step of computation ∆t.
3. The computational domain with geometric definitions is shown in Figure 2. fi and fo are the inlet
and exit boundary distances from the centre of the Hertzian region of the contact, defining the
computational domain, whilst fs1 and fs2 define the domain in the lateral side leakage direction.
4. The computed generated contact pressures were updated in the low relaxation EIN iterative
process with Ω = 10−2 − 10−1 as:
pn = pn−1 +Ω∆pn. (12)
5. The following pressure convergence criterion was used, where the limit of convergence
wastypically in the range: εp = 10−5 − 10−4:
∑
i
∑
j
∣∣∣∣∣∣∣p
n
i, j − pn−1i, j
pni, j
∣∣∣∣∣∣∣ ≤ εp. (13)
6. The load carrying capacity W (contact reaction) was obtained over the computational domain as:
W =
x
p dxdy. (14)
7. This instantaneous contact reaction should equate the applied contact load, W. The load
convergence criterion was: ∣∣∣∣∣∣W −WpW
∣∣∣∣∣∣ ≤ εw (15)
where the load limit of convergence was usually in the range: εw = 10−5 − 10−3.
8. If the convergence criterion (15) was not satisfied, the film thickness was updated, and the entire
procedure was repeated:
h0 = h0
(
Wp
W
)ς
(16)
where ς is a damping/load relaxation factor. For the quasi-static analysis reported here: ς = 0.1,
and for transient conditions: ς = 0.005.
9. For transient cases, the load and speed of lubricant entrainment were updated and the squeeze
film term computed as stated in step 2.
10. Steps 4 to 10 were repeated until 5 iterative cycles were made in any transient analysis.
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Table 1 lists the dimensions of the computational domain used in the current analyses.
Table 1. Domain definitions.
Parameter Symbol Value
Inlet distance fi 3.5a− 7.5a
Exit boundary fo 1.5a
Side Length fs1, fs2 1.5b
It should be noted that, for most cases, the number of elements across the transverse direction
was chosen such that: dx = dy. Moreover, the inlet and exit lengths chosen were based on the works of
Chittenden et al. [31] and Hamrock and Dowson [71] for fully flooded conditions.
With regard to contact kinematics, based on pure spin, the same conditions as that reported by Mostofi
and Gohar [61] were used. The computational domain for this case is shown in Figure 3. The domain was
split into 4 quadrants with the centre of precession and that of the contact remaining coincident. Thus,
under pure spin, the surface speeds along the minor and major axes were obtained as:
us = ωrs sinφ (17)
vs = ωrs cosφ (18)
where ω is the average angular velocity of the two bodies in contact, and rs is the radial distance from
the centre of the contact. The instantaneous angle that rs makes with the minor axis of the elliptical
point contact footprint is denoted by φ.
Thus, the final surface speeds needed to be modified, depending on the quadrant of the
computational domain. For example, quadrant 1 had surface speeds along the minor Us and
major Vs axes as:
Us = U − 2us (19)
Vs = V+ 2vs. (20)
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3. Validation of Methodology
The first step was to validate the expounded methodology in Section 2, prior to any further
detailed analysis, which included transient conditions involving squeeze film and spin motions.
There was a dearth of measurements and predictive analyses in such cases which invariably
occur in practice such as squeeze film motion in converging and separating gear meshing teeth pairs
combined with the spin (precession) of the contact footprint. The analysis of the combined spin and
squeeze film motions is a major contribution of this paper.
3.1. Steady State Angled Flow Entrainment
As the first step in the validation process, comparisons were made with the optical interferometric
observations in [56,57], who studied the film thickness and shape for a ball rolling and sliding in a
groove. Under these conditions, the lubricant entrainment into the contact occurred at an angle θ to
the minor axis of the elliptical point contact footprint. Tables 2 and 3 list the contact geometrical data,
lubricant rheology and the operating conditions, where the dimensionless parameters defining the
operating conditions (material combination, speed and load parameters) were:
Ge = α0E′, Ue = η0ue/E′Re, We = W/E′R2e , H∗ = h/Re (21)
where the equivalent radii of curvature in the direction of entraining motion, Re, and that in the side
leakage, Rs, were obtained as:
1
Re
=
cos2 θ
Rzx
+
sin2 θ
Rzy
(22)
1
Rs
=
sin2 θ
Rzx
+
cos2 θ
Ryz
(23)
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Table 2. Lubricant and geometry properties [56,57].
Parameter Symbol Value Units
Viscosity (at 21.7 ◦C) η0 3 Pa·s
Pressure coefficient of viscosity α0 2.5 × 10−8 1/Pa
Density (at 21.7 ◦C) ρ0 890 kg/m3
Radius of curvature along minor axis Rzx 0.0127 m
Radius of curvature along major axis Rzy 0.0853 m
Table 3. Operating conditions [56,57].
θ Ue We Ge
0◦ 6.00 × 10−12 −
8.87 × 10−11 4.67 × 10
−8 − 4.67 × 10−7
3578
67◦ 3.35 × 10−12 −
3.38 × 10−11 8.41 × 10
−8 − 6.02 × 10−8
82◦ 3.37 × 10−12 −
4.05 × 10−11 2.21 × 10
−8 − 2.96 × 10−8
The lubricant used in Thorp [57] is BP 1065, a mineral oil of high viscosity cylinder stock [72].
The relevant data are listed in Table 2.
Figure 4 shows a comparison between optical interferometric measurements of Thorp and
Gohar [53] and the predictions of the current analysis using a steady state solution of the problem (i.e.,
∂h/∂t = 0 in Equation (1)). The results are plotted in the (L∗,K∗) domain, where [54]:
L∗ = Ue
W1.5e G0.5e
(24)
K∗ = H
∗
WeGe
(25)
For practical purposes, Thorp [57] chose a similar non-dimensional group such that a simple
linear relationship, dependent on contact kinematics and film thickness, could be obtained. For the
purposes of consistency and ease of comparison, the presentation of current results follows in the same
manner. It is noted that when the lubricant inlet flow occurred along the minor axis of the elliptical
point contact footprint (i.e., θ = 0), the central film thickness conformed very closely to that measured
in [57]. For the angled flow cases, the minimum film thickness agreed closer with the measured values.
In general, good agreement was obtained between the predictions of the current analysis and the
measured film thickness in [56,57].
Comparisons of the computed lubricant film thickness contours with the corresponding
photomicrographs of Thorp [56,57] are shown in Figures 5–7. Good agreement was observed in
all cases.
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3.2. Steady-State Spin 
Mostofi and Gohar [61] were one of the first to explore spin in the EHL elliptical point contacts, 
particularly at relatively high angular velocities. Here, comparisons were made with their findings. 
Lubricant rheological properties and the material parameter used for the case of pure spin analysis 
are listed in Table 4, whilst Table 5 lists the contact operating conditions. 
Table 4. Lubricant and material properties [61]. 
Parameter Symbol Value Units 
Dynamic viscosity (at 21.7 °C) 𝜂଴ 3 Pa · s 
Pressure-viscosity coefficient 𝛼଴ 1.51 × 10ି଼ 1/Pa 
Density (at 21.7 °C) 𝜌଴ 890 kg/mଷ 
Non-dimensional material parameter 𝐺௘ 1799 − 
Table 5. Contact operating conditions [61]. 
Parameter Symbol Value Units 
Load 𝑊 6.91 N 
Initial entrainment speed (𝜃 = 0°) 𝑢௘  0.000145 m/s 
Angular velocity 𝜔 61.9 rad/s 
To be consistent with the domain definitions in [61], the major axis of the contact ellipse was set 
along the 𝑥 direction. For all other analyses in this paper, the x direction was reserved for the direction 
of the minor axis of the elliptical point contact footprints. Figures 8 and 9 show the predictions of the 
current analysis and those in [61]. Good agreement was observed. Figure 8 shows the isobars of the 
non-dimensional pressure, given as: 
𝑝∗ =  𝑝/𝐸∗ (26) 
where 𝐸∗ is the plane strain elastic modulus of a pair of identical material contacting surfaces (in this 
case steel), as defined in [61]: 
1
𝐸∗ =  (1 − 𝜈
ଶ)/𝜋𝐸 (27) 
Figure 9 shows the corresponding contours of dimensionless film thickness: ℎ∗ = ௛ோ೐ × 10
ଷ. 
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Figure 7. arison of cont urs of h (µm) for: θ = 90◦ (flow along major axis),
Ue = 2.28 × 10−11, We = 1.34 × 10−8, Ge = 3578, contours of h (µm); (a) current analysis,
(b) photomicrograph [56,57].
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3.2. Steady-State Spin
Mostofi and Gohar [61] were one of the first to explore spin in the EHL elliptical point contacts,
particularly at relatively high angular velocities. Here, comparisons were made with their findings.
Lubricant rheological properties and the material parameter used for the case of pure spin analysis are
listed in Table 4, whilst Table 5 lists the contact operating conditions.
Table 4. Lubricant and material properties [61].
Parameter Symbol Value Units
Dynamic viscosity (at 21.7 ◦C) η0 3 Pa·s
Pressure-viscosity coefficient α0 1.51 × 10−8 1/Pa
Density (at 21.7 ◦C) ρ0 890 kg/m3
Non-dimensional material parameter Ge 1799 −
Table 5. Contact operating conditions [61].
Parameter Symbol Value Units
Load W 6.91 N
Initial entrainment speed
(θ = 0◦) ue 0.000145 m/s
Angular velocity ω 61.9 rad/s
To be consistent with the domain definitions in [61], the major axis of the contact ellipse was set
along the x direction. For all other analyses in this paper, the x direction was reserved for the direction
of the minor axis of the elliptical point contact footprints. Figures 8 and 9 show the predictions of the
current analysis and those in [61]. Good agreement was observed. Figure 8 shows the isobars of the
non-dimensional pressure, given as:
p∗ = p/E∗ (26)
where E∗ is the plane strain elastic modulus of a pair of identical material contacting surfaces (in this
case steel), as defined in [61]:
1
E∗ =
(
1− ν2
)
/piE (27)
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The analysis thus far could be considered as quasi-steady as it did not include the effect of the 
squeeze film motion (i.e., the ultimate term on the right-hand side of Reynold’s Equation (1)). The 
inclusion of this term made the solution time-dependent, thus the transient effects could be studied. 
Most contacts are subject to transience owing to variations in geometry, variations in contact 
kinematics and/or loading, such as in gear meshing, cam-follower cycle or indeed the orbital motion 
of balls or rollers in a bearing. Therefore, it was also important to validate the methodology for 
transient contact conditions. 
3.3. Transient Analysis 
Through optical interferometry, Wang et al. [50] observed the effect of induced squeeze film for 
a ball in pure rolling motion, subjected to short stoke reciprocations. They also used a multi-grid finite 
difference method for the solution of Equation (1) for the same reciprocating conditions as in their 
experiment. The contact surface speed alters in such a case in a sinusoidal manner: 
𝑈 =  𝐿𝜔𝑓 sin(𝜔𝑓𝑡) (28) 
where the short stroke-length is: 𝐿 = 5 × 10−4 m, and 𝜔𝑓 =
2𝜋
𝑇
= 48.9 rad/s is the angular velocity 
chosen for the experiment. The load was kept constant at 39.2 N for the entire periodic cycle, T. 
The modulus value of U was used in Reynold’s equation as the entraining motion was 
represented by a speed as a scalar quantity. This entrainment velocity variation in the reciprocating 
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represented by a speed as a scalar quantity. This entrainment velocity variation in the reciprocating 
motion is shown in Figure 10. The squeeze film velocity, 𝜕ℎ 𝜕𝑡⁄ , lagged behind the variation in inlet 
speed in line with cause and effect. However, the squeeze film response was only quasi-harmonic, 
thus the phase angle of lag was not 90°. Therefore, any increase in the inlet speed was followed by a 
rise in squeeze film velocity, and clearly by the separation of surfaces, leading to an increased film 
thickness. 
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Gohar [61].
Figure 9 shows the corresponding contours of dimensionless film thickness: h∗ = hRe × 103.
The analysis thus far could be considered as quasi-steady as it did not include the effect of
the squeeze film motion (i.e., the ultimate term on the right-hand side of Reynold’s Equation (1)).
The inclusion of this term made the solution time-dependent, thus the transient effects could be studied.
Most contacts are subject to transience owing to variations in geometry, variations in contact kinematics
and/or loading, such as in gear meshing, cam-follower cycle or indeed the orbital motion of balls
or rollers in a bearing. Therefore, it was also important to validate the methodology for transient
contact conditions.
3.3. Transient Analysis
Through optical interferometry, Wang et al. [50] observed the effect of induced squeeze film for a
ball in pure rolling motion, subjected to short stoke reciprocations. They also used a multi-grid finite
difference method for the solution of Equation (1) for the same reciprocating conditions as in their
experiment. The contact surface speed alters in such a case in a sinusoidal manner:
U = Lω f sin(ω f t) (28)
where the short stroke- ength is: L = 5 × 10−4 m, a d ω f = 2piT = 48.9 rad/s is the angular velocity
chos n for the experiment. The oad was kept constant at 39.2 N f r the entire periodic cy le, T.
The modulus value of U was used in R ynold’s equation as the entraining motion was represented
by a speed as a scal r qua tity. This entrainment velocity variation in the reciprocating moti is
s own in Figure 10. The squeeze film velocity, ∂h/∂t, lagged behind the variation in inlet speed in line
with cause and effect. However, the squeeze film response was only quasi-harmonic, thus th phase
angle of lag was not 90◦. Therefore, any increase in the inlet speed was followed by a rise in squeeze
film velocity, and clearly by the separation of surfaces, leading to an increased film thickness.
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Figure 11 shows a comparison of the current predictions with those of Wang et al. [62] for the 
positions of central contact and minimum exit film thickness for a cycle of period T. In addition, the 
results in Figure 11a also show the variations in dimensionless central oil film thickness in a meshing 
cycle for different computational mesh densities. The differences in the computed results diminished 
as the mesh density increased to 75 × 75. Beyond that, the changes became insignificant as the mesh 
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purpose of the current analysis. 
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The lubricant rheological and geometric contact properties are listed in Table 6.
Table 6. Lubricant and geometric properties [50].
Parameter Symbol Value Units
Viscosity η0 1.22 Pa·s
Pressure coeffici t of viscosity α0 2.40 × 10−8 1/Pa
Density ρ0 863 kg/m3
Radius of curvature Rzx = Rzy 0.0127 m
Figure 11 shows a comparison of the current predictions with those of Wang et al. [62] for the
positions of central contact and minimum exit film thickness for a cycle of period T. In addition, the
results in Figure 11a also show the variations in dimensionless central oil film thickness in a meshing
cycle for different computational mesh d nsities. The differences in the comput d results diminished
as the mesh density increased to 75 × 75. Beyond that, the changes became insignificant as the mesh
density increased further. Therefore, the mesh density of 75 × 75 was deemed to be sufficient for the
purpose of the current analysis.
Lubricants 2020, ?, x FOR PEER REVIEW 12 of 22 
 
Figure 10. Squeeze film effect due to hanges in speed of lubricant entrai ing motion. 
The lubricant rheological and geometric contact properties are listed in Table 6. 
Table 6. Lubricant and geometric properties [50]. 
Parameter Symbol Value Units 
Viscosity 𝜂଴ 1.22 Pa · s 
Pressure coefficient of viscosity 𝛼଴ 2.40 × 10ି଼ 1/Pa 
Density 𝜌଴ 863 kg/mଷ 
Radius of curvature 𝑅௭௫ = 𝑅௭௬ 0.0127 m 
Figure 11 shows a comparison of the current predictions with those of Wang et al. [62] for the 
positions of central contact and minimum exit film thickness for a cycle of period T. In addition, the 
results in Figure 11a also show the variations in dimensionless central oil film thickness in a meshing 
cycle for different computational mesh densities. The differences in the computed results diminished 
as the mesh density increased to 75 × 75. Beyond that, the changes became insignificant as the mesh 
density increased further. Therefore, the mesh density of 75 × 75 was deemed to be sufficient for the 
purpose of the current analysis. 
(a) 
 
Figure 11. Cont.
Lubricants 2020, 8, 81 14 of 22
Lubricants 2020, ?, x FOR PEER REVIEW 13 of 22 
(b) 
 
Figure 11. (a) Central and (b) minimum film thickness comparisons. 
The overall magnitude and general trend of results were quite similar between the two 
computed results, but with deviations in certain feature variations, with a maximum divergence of 
15%. It is worth nothing that, Wang et al. [50] employed a multi-grid method with a total of 6061 
elements as opposed to 5625 elements used in the current analysis using a fixed grid. There may be 
greater accuracy with finer meshes in parts of the multi-grid solution process. Nevertheless, the 
overall predictions conformed well with each other. Additionally, included in the figure is the 
variation of squeeze film velocity from Figure 10. This shows the aforementioned non-linear quasi-
harmonic response of the lubricant film thickness, lagging behind 𝜕ℎ 𝜕𝑡⁄ . As the squeeze film velocity 
increased, the lubricant film followed suit, with some delay. 
Figure 12 shows that the transient film profile, predicted here throughout a reciprocation cycle, 
also conformed very well with the measured contact centreline film profiles constructed by Wang et 
al. [50] from their optical interferometric measurements. 
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Figure 11. (a) Central nd (b) mi i film thickness comparisons.
The overall magnitude an ge eral trend of results were quite similar between the two computed
results, but with deviations in certain feature variations, with a maximum divergence of 15%. It is
worth nothing that, Wang et al. [50] employed a multi-grid method with a total of 6061 elements as
opposed to 5625 elements used in the current analysis using a fixed grid. There may be greater accuracy
with finer meshes in parts of the multi-grid solution process. Nevertheless, the overall predictions
conformed well with ach other. Additionally, included in the figu is the variatio of squeeze film
velocity from Figure 10. This shows the aforementioned non-linear quasi-harmonic response of the
lubricant film thickness, lagging behind ∂h/∂t. As the squeeze film velocity increased, the lubricant
film followed suit, with some delay.
Figure 12 shows that the transient film profile, predicted here throughout a reciprocation cycle, also
conformed very well with the measured contact centreline film profiles constructed by Wang et al. [50]
from their optical interferometric measurements.
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involving rolling, squeezing, and spinning motions. The reciprocating motion in Wang et al. [50] can 
be used to enable combined rolling and squeeze film motions. Additional spinning action can be 
imposed on the contact. Such combined motions occur in many applications such as through a 
meshing cycle of a pair of hypoid gear teeth, where the elliptical point contact footprint is subjected 
to precession with respect to the entraining inlet lubricant flow [59]. Therefore, for this analysis, the 
Wang et al. [50] conditions, as stated in Table 6 and Equation (28), were used. Spinning motions of 
𝜔 = 30 rad/s and 𝜔 = 61 rad/s were superimposed upon the same rolling and squeeze film motion 
as in the previous case. The higher value of 61 rad/s was the same as that used by Mostofi and Gohar 
[61]. 
Figure 13 shows the dimensionless minimum lubricant film thickness time histories for the 
various transient cases with different spin angular velocities, also including the case with no spin. 
Increasing spin decreased the lubricant film thickness, as it tends to push the lubricant out of the 
contact. However, the effect of spin was not as significant as the squeeze film motion, even though 
the spin velocities used here were quite large. The effect of spin was more pronounced in the absence 
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Figure 12. Transient contact centreline film thickness profile; current predictions and those measured
by ang et al. [62]: (a) t/T = 0.083, (b) t/T = 0.167, (c) t/T = 0.250, (d) t/T = 0.333 and
(e) t/T = 0.417.
4. ra sie t jecte t i e lli , eezi a i i ti s
it t e ali ate et l f r asi-stea (Secti s 3.1 a 3.2) a tra sie t
(Secti 3.3), an original contribution ca be made for complex combined contact kinematics, involving
rolling, squeezing, and spinni g motions. The reciprocating motio in Wang et al. [50] can be used
to enable combined rolli g and squeeze film motions. Additional spinning action can be imposed
on the contact. Such combined m tions occur in many applicatio s such as through a meshing cycle
of a pair of hypoid gear teeth, where the elliptical point contact fo tprint is subjected to precession
with respect to the entraining inlet lubrica t flow [59]. Theref re, for this analysis, the Wang et al. [50]
conditions, as stated in Table 6 and Equation (28), were used. Spinning motions of ω = 30 rad/s and
ω 61 rad/s were superimposed upon the same rolling and squeeze film motion as in the previous
case. The higher value of 61 rad/s was the same as that used by Mostofi and Gohar [61].
Figure 13 shows the dimensionless minimum lubricant film thickness time histories for the various
transient cases with different spi angular velocities, also including the case with no spin. Increasing
spin decre sed the lubricant film thickness, as it tends to push the lubricant out of the contact. However,
the ffect of spin was not as significant as the squeeze film motion, even t ough the spin velocities
used here were quite large. The effect of spin was more pronounc d in the absence of lubricant
entrainment because of rolling/sliding motions. The results of the study by M stofi and Gohar [61]
showed significant cha ges to lubricant film thickness under high p re spin conditions.
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Clearly, spin altered the lubricant film thickness distribution within the contact as shown in the
oil film thickness contours of Figure 14. With spin, the oil film thickness contours became asymmetric
with the largest changes in film thickness occurring at the rear end sides of the contact which included
the islands of minimum film thickness.
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Therefore, the existence of asymmetric film profiles can be attributed to the effect spin speed,
promoting higher lubricant entrainment. This can also be elucidated further when considering the
ratio of spin-induced linear speed to the inlet entrainment due to the reciprocating motion (Figure 16,
for the instance: t/T = 0.0625). It can be seen that the effect of spin became dominant at higher spin
speeds of 50 and 61 rad/s. In particular, at 61 rad/s, the effect of spin upon lubricant entrainment into
the contact was dominant.
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5. Concluding Remarks 
The paper highlights diverse applications of the elastohydrodynamic regime of lubrication in 
many load bearing lubricated conjunctions. The paper presents a comprehensive methodology for 
studying a multitude of different EHL conjunctions under steady state, quasi-steady and transient 
conditions. The methodology is validated against momentous historical experimental 
measurements/observations and numerical predictions of other research workers, showing very good 
agreement. In particular, emphasis is placed on complex combined rolling/sliding, mutually 
converging and separating (squeeze film) and spinning and reciprocating kinematics of contact for 
the case of point contact isothermal EHL. In-depth explanations for transient lubricant film thickness 
formation and variation is provided by the expounded fundamental study. In particular, transient 
effects due to combined rolling, squeeze film motion and spin, not hitherto studied, have been 
presented in the paper. The results show the dominant effect of squeeze film motion, and the rather 
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5. cl i e ar s
e paper highlights diverse applications of the elastohydrodynamic regime of lubrication in many
load bearing lubricated conjunctio s. The paper presents a comprehensive methodology for stud ing
a multitude of different EHL conjunctions under steady state, quasi-steady and transient conditions.
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The methodology is validated against momentous historical experimental measurements/observations
and numerical predictions of other research workers, showing very good agreement. In particular,
emphasis is placed on complex combined rolling/sliding, mutually converging and separating (squeeze
film) and spinning and reciprocating kinematics of contact for the case of point contact isothermal
EHL. In-depth explanations for transient lubricant film thickness formation and variation is provided
by the expounded fundamental study. In particular, transient effects due to combined rolling, squeeze
film motion and spin, not hitherto studied, have been presented in the paper. The results show the
dominant effect of squeeze film motion, and the rather insignificant effect of spin motion in the presence
of other sources of contact kinematics. Spin only significantly affects the film thickness in the absence
of rolling and sliding motions as the main sources of lubricant entrainment into the contact.
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Nomenclature
a, b Semi-major and minor axis of the contact ellipse (m)
E1, E2 Young’s modulus of the two bodies (Pa)
E Young’s modulus of steel (Pa)
E′ Reduced Young’s modulus (2/
[(
1− ν21
)
/E1 +
(
1− ν22
)
/E2
)
E∗ Plane strain elastic modulus
((
1− ν2
)
/piE
)
fi, fo Computational domain inlet and exit boundary lengths
fs1, fs2 Computational domain side lengths
Ge Non-dimensional material parameter (α0 E′)
h Film thickness (m)
h0 Minimum clearance between the undeformed contiguous solids
hc Central film thickness (m)
hm Minimum film thickness (m)
H∗ Non-dimensional film thickness (h/Re)
H∗c, H∗m Non-dimensional central and minimum film thickness (hc/Re, hm/Re)
i, j Node position
K∗ Alternative non-dimensional film thickness parameter (H∗/WeGe)
L Stroke length (m)
L∗ Non-dimensional parameter
(
Ue/W1.5e G
0.5
e
)
n Iteration index
p Pressure (N/m2)
p∗ Non-dimensional pressure (p/E∗)
rs Instantaneous radial distance (m)
Rx1, Rx2 Radius of curvature along minor axis of body 1 and 2 (m)
Ry1, Ry2 Radius of curvature along major axis of body 1 and 2 (m)
Rzx, Rzy Principal radii of the equivalent ellipsoidal solid (m)
Re, Rs Equivalent radii of curvature along entrainment and side leakage direction
s Geometric profile
t Time (s)
T Time period (s)
u1,u2 Surface speed along minor axis of body 1 and 2 (m/s)
u Mean surface speed along minor axis ((u1 + u2)/2)
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ue Entrainment speed
(√
u2 + v2
)
us Surface speed along minor axis under pure spin
U Surface speed along minor axis
(
ms−1
)
Ue Non-dimensional speed
Us Surface speed along minor axis including effect of spin (m/s)
v1, v2 Surface speed along major axis of body 1 and 2 (m/s)
v Mean surface speed along major axis ((v1 + v2)/2)
vs Surface speed along major axis under pure spin
V Surface speed along major axis (m/s)
Vs Surface speed along major axis including effect of spin (m/s)
W Load (N)
Wp Load carrying capacity of the lubricant
We Non-dimensional load (W/E′Re)
x, y Cartesian coordinate set
x′, y′ Location points of localised deflection
Z Piezo-viscosity index
Greek Symbols
α0 Piezo-viscosity coefficient at ambient temperature (1/Pa)
δ Local elastic deflection
εp, εw Convergence criterion for pressure and load
η Dynamic viscosity
(
Ns/m2
)
η0 Dynamic viscosity at ambient temperature and pressure
(
Ns/m2
)
θ Angle entrained speed made with minor axis
ηr, pr Roeland viscosity constant
ρ Density
(
kg
m3
)
ρ0 Density at ambient temperature and pressure
(
kg
m3
)
ν Poisson ratio of steel
ν1, ν2 Poisson’s ratio of the two bodies
ς Load relaxation factor
φ Angle rs made with the minor axis
ω, ω f Angular velocity (rad/s)
Ω Under-relaxation factor
Abbreviations
EHL Elastohydrodynamic Lubrication
EIN Effective Influence Newton–Raphson
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